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The inherent high symmetry of Cayley maps makes them an excellent source of orientably
regular maps, and the regularity of a Cayley map has been shown to be equivalent to
the existence of a skew-morphism of its underlying group that has a generating orbit
closed under inverses. We set to investigate the properties of the so-called t-balanced
skew-morphisms of abelian groups with the aim of providing the basis for a complete
classification of t-balanced regular Cayley maps of abelian groups. In the case of cyclic
groups, we show that the only t-balanced regular Cayley maps for the groups Z2r , Z2pr
and Z4pr , p an odd prime, r ≥ 1, are the well understood balanced and antibalanced Cayley
maps.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A Cayley mapM = CM(H, X, P) is a 2-cell embedding of a Cayley graph C(H, X) in an orientable surface determined by
the rotation P of edges incident to a given vertex,with the additional property that the automorphismgroupAut(M) contains
a vertex-regular subgroup isomorphic to the underlying groupH . This additional propertymakes Cayleymaps naturally very
symmetric, and puts them at the core of the study of regular maps —maps having the highest level of symmetry possible. A
large proportion of classical examples of regular maps turn out to be regular Cayley maps (see [12], for instance).
While the classification of regular Cayley maps appears to be well beyond our reach at the moment even for the class
of Cayley maps based on abelian groups, the classification of finite abelian groups H that admit at least one regular Cayley
map CM(H, X, P) has recently been completed in the series of articles [2,3,9,10]. The only class of finite groups for which
the complete classification of all regular Cayley maps is known (as opposed to knowing of the existence of at least one
regular Cayley map), is the class of finite cyclic groups of prime-order p [5]. Partial classifications include a classification of
regular t-balanced Cayley maps on dihedral groups [6], regular balanced Cayley maps for cyclic, dihedral and generalized
quaternion groups [16], regular t-balanced Cayleymaps on dicyclic groups [7], and regular t-balanced Cayleymaps on semi-
dihedral groups [11]. As t-balanced skew-morphisms constitute the first and most natural generalization of the concept of
the balanced skew-morphism (i.e., a group automorphism), in view of the above results, the classification of t-balanced
skew-morphisms of cyclic groups is the most immediate step toward the classification of regular Cayley maps of specific
classes of finite groups.
In this paper, we set out to investigate the properties of t-balanced skew-morphisms of abelian groups along the lines
considered in [2], with the aim of obtaining results suitable for classifications of all t-balanced regular Cayley maps for as
large a class of abelian groups as possible.
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Wewant to stress the fact that, throughout the paper, wewill only consider orientable embeddings (i.e., embeddings into
an orientable surface), and we consider only orientation preserving automorphisms of the studied maps. The term ‘‘regular
maps’’ refers therefore to ‘‘orientably regular’’; maps for which their full orientation preserving automorphism group acts
regularly on the set of their darts.
2. Preliminaries
We adopt the notation used in [5], and restrict our attention to simple Cayley graphs and Cayley maps with simple
underlying graphs. In particular, a Cayley graph Γ = C(H, X) will be a graph based on a group H and a finite set
X = {x1, x2, . . . , xk} of elements in H which does not contain 1H , contains no repeated elements, is closed under the
operation of taking inverses, and generates all of H . The vertices of the Cayley graph Γ are the elements of H , and two
vertices g and h are joined by an edge if and only if g = hxi for some xi ∈ X . The ordered pairs (h, hx) for h ∈ H and x ∈ X
are called the arcs or darts of Γ .
Let P be any cyclic permutation of the elements of X . Then the Cayley map M = CM(H, X, P) is the 2-cell embedding of
the Cayley graph C(H, X) in an orientable surface for which the orientation-induced local ordering of the darts emanating
from any vertex g ∈ H is always the same as the order of generators in X induced by P; that is, the neighbors of any vertex g
are always spread counterclockwise around g in the order (gx, gP(x), gP2(x), . . . , gPk−1(x)). Since X is closed under taking
inverses, for each x ∈ X there exists a non-negative integer i such that P i(x) = x−1. The function χ(x) : X → Zk defined for
each x ∈ X as the smallest iwith this property is called the distribution of inverses of the Cayley map CM(H, X, P).
An (orientation preserving) automorphism of a Cayley map M is a permutation of the set of darts of M which preserves
the incidence relation of the vertices, edges, faces, and the orientation of the map. The full automorphism group of M ,
denoted by Aut(M), is the group of all such automorphisms of M under the operation of composition. This group always
acts semiregularly on the set of darts ofM , that is, the stabilizer in Aut(M) of each arc ofM is trivial. If the action of Aut(M)
on the darts of M is transitive (and therefore regular), we say that the Cayley map M is a regular Cayley map. The reader
interested in more information on regular maps is advised to consult [4,1] or [12].
Our main tool in this paper is the general theory of skew-morphisms introduced in [5], and developed further in [2]. We
take particular advantage of the following necessary and sufficient condition for the regularity of a Cayley mapM .
LetH be a finite group, ϕ : H → H a permutation ofH of order k (in the full symmetric group Sym(H)), and π : H → Zk a
function fromH to the cyclic groupZk.We say thatϕ is a skew-morphismofH , with associated power functionπ , ifϕ(1H) = 1H
and
ϕ(ab) = ϕ(a)ϕπ(a)(b) for all a, b ∈ H (1)
where ϕπ(a)(b) is the image of b under ϕ applied π(a) times.
Theorem 2.1 ([5]). A Cayley map CM(H, X, P) is regular if and only if there exists a skew-morphism ϕ of H such that
ϕ(x) = P(x) for all x ∈ X.
It follows from the above theorem that regular Cayley maps of a group H are in a one-to-one correspondence with the
orbits of skew-morphisms of H that are closed under taking inverses and generate all of H . Hence knowing all the skew-
morphisms of the finite group H allows one to construct a complete list of regular Cayley maps on H .
3. General properties
In this section, we study the general properties of t-balanced skew-morphisms of regular Cayley maps based on abelian
groups.
A skew-morphism ϕ of a Cayley map CM(H, X, P) is said to be t-balanced, if the restriction of the associated power
function π to X is a constant, π(x) = t , for all x ∈ X . If t = 1, ϕ is a group automorphism of G, and the map is said to be
balanced [15]. In the case t = |X | − 1, the map is said to be antibalanced [13].
The case of t-balanced skew-morphisms has received a great deal of attention (e.g., [2,8]). The following lemmas
summarize the known basic properties of t-balanced skew-morphisms.
Lemma 3.1 ([2]). Let M = CM(H, X, P) be a t-balanced regular Cayley map. Then either M is balanced (in which case t = 1),
or otherwise
(a) t is a square root of 1 in Z|X | (other than 1 itself);
(b) kerπ is a subgroup of index 2 in H;
(c) the power function π assumes only the two values 1 and t;
(d) the skew-morphism ϕ preserves kerπ setwise;
(e) ϕ restricted to kerπ is a group automorphism of kerπ .
If H is abelian, we get, in addition, the following lemma.
Lemma 3.2 ([2]). Let M = CM(A, X, P) be a t-balanced regular Cayley map of a finite abelian group A, where t > 1, and let ϕ
be the associated skew-morphism, π the power function, x a non-involutory element of X, and h = ϕ(x)x−1. Then each of the
following holds:
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(a) x2 ∈ h, ϕ(h), ϕ2(h), . . . , ϕj(h) for some j;
(b) kerπ = h, ϕ(h), ϕ2(h), . . . , ϕj(h), where j is as in (a), and so kerπ is generated by the ϕ-orbit of h;
(c) the length |X | of the ϕ-orbit X is a proper multiple of the length oϕ,h of the orbit of ϕ| kerπ containing h;
(d) π(x)2 ≡ 1mod |X |;
(e) π(x) ≡ 1modulo the order of ϕ| kerπ ;
(f) if h has order 2, then kerπ ∼= Zs2 for some s ≤ oϕ,h;
(g) if t = |X | − 1, then oϕ,h ≤ 2, and kerπ is either cyclic or of rank 2;
(h) of A, and kerπ is cyclic.
The last parts of Lemma 3.2 are in fact a consequence of the following simple observation.
Lemma 3.3. If CM(A, X, P) is a d-valent t-balanced regular Cayley map of an abelian group A with skew-morphism ϕ, then
(ϕ| kerπ)t−1 is the identity mapping ι = idkerπ mapping each element h ∈ kerπ onto itself, and the order of (ϕ| kerπ) is a
divisor of gcd(t − 1, d).
Proof. Let h ∈ kerπ and k ∉ kerπ . Then ϕ(hk) = ϕ(h)ϕ(k), as π(h) = 1, while ϕ(kh) = ϕ(k)ϕt(h), as π(k) = t . Since
A is assumed abelian, the two expressions must be equal: ϕ(h)ϕ(k) = ϕ(k)ϕt(h), and ϕ(h) = ϕt(h), for all h ∈ kerπ . It
follows that the order of ϕ| kerπ is a divisor of (t − 1), and thus (ϕ| kerπ)t−1 = ι. In addition, the order of ϕ| kerπ must
be a divisor of the order d of all of ϕ, and so it must divide the greatest common divisor. 
In viewof Lemma3.1,we define a pair (d, t) to be an admissible pair for a d-valent t-balanced Cayleymap if t2 ≡ 1 (mod d).
Note that [2] contains a construction of a regular t-balanced abelian Cayley map of valency d for every admissible pair
(d, t). While the classification of balanced Cayley maps of abelian groups is decidedly hard, antibalanced Cayley maps of
abelian groups are well understood, and consist of relatively few examples [2]. This also follows from Lemma 3.3. Namely,
if t = d − 1, gcd(t − 1, d) = gcd(d − 2, d), and so the order of ϕ restricted to kerπ is 1 or 2, which greatly reduces the
number of possibilities.
Therefore, from now on, we shall restrict ourselves to t-balanced regular Cayley maps of abelian groups that do not fall
into any of the above two classes, hence we shall assume that 1 < t < d − 1. The following relatively easy observation
implies that all the t-balanced skew-morphisms of abelian groups are constructed by combining the orbits of the group
automorphisms of these groups.
Lemma 3.4. Let (d, t) be an admissible pair, 1 < t < d− 1, and let CM(A, X, P) be a d-valent t-balanced regular Cayley map
of an abelian group A with skew-morphism ϕ. Then ϕt+1 is a group automorphism of A.
Proof. Observe first that
ϕi(ab) = ϕi(a)ϕiπ(a)(b),
for all a, b ∈ A. This follows from a simple recursion and the fact that π(ϕj(a)) = π(a), for all 1 ≤ j ≤ i.
Consequently:
ϕt+1(ab) = ϕt+1(a)ϕt+1(b),
for all a ∈ kerπ , and b ∈ A, and
ϕt+1(ab) = ϕt+1(a)ϕ(t+1)t(b) = ϕt+1(a)ϕ(t+1)(b),
for all a ∉ kerπ , and b ∈ A, since (t + 1)t ≡ t2 + t ≡ 1+ t (mod d). 
To simplify our notation, set K = kerπ , and suppose that CM(A, X, P) is a Cayley map satisfying all the requirements of
the above lemma.
Then,
X = {x, y1x, y2x, . . . , yd−1x},
ϕ|X = (x, y1x, y2x, . . . , yd−1x),
for some non-involutory x ∉ K , and yi ∈ K , 1 ≤ i ≤ d− 1.
Since ϕ(x) = y1x, and y1 ∈ K (hence π(ϕi(y1)) = 1 for all i), y2x = ϕ2(x) = ϕ(ϕ(x)) = ϕ(y1x) = ϕ(y1)ϕπ(y1)(x) =
ϕ(y1)ϕ(x) = ϕ(y1)y1x.
It follows that y2 = ϕ(y1)y1, and by induction
ϕi(x) = yix = ϕi−1(y1)ϕi−2(y1) . . . ϕ(y1)y1x
or
yi = ϕi−1(y1)ϕi−2(y1) . . . ϕ(y1)y1. (2)
We see that the orbit of y1 under ϕ determines the action of ϕ on X . Lemma 3.2 asserts in addition, that the orbit of y1
generates all of K , and x2 ∈ K .
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In the case when the orbit of y1 is a singleton, i.e., ϕ(y1) = y1, K is cyclic of order d generated by y1, the skew-morphism
ϕ fixes every element of K , ϕi(x) = yi1x, and X = A− K . Depending on whether x is an involution, we get two cases.
First, if x is assumed to be an involution (and A = Zd×Z2), the inverse of yi1x is the element yd−i1 x and the generating set
has the antibalanced structure:
. . . , yd−21 x, y
d−1
1 x, y1x, y
2
1x, . . . ,
and t = d− 1.
The assumption that x is not an involution together with the assumption that X is closed under inverses yield x−1 = yj1x,
for some 1 ≤ j ≤ d− 1, the inverse of yi1x is yj−i1 x and we get an antibalanced distribution again:
x, y1x, y21x, . . . , y
j−2
1 x, y
j−1
1 x, y
j
1x, . . . .
Since we have decided to focus on 1 < t < d − 1, we can assume from now on that the orbit of y1 under ϕ is not a
singleton. We denote the length of this orbit by o = oϕ,y. As argued above, o divides both t − 1 and d, 1 < o ≤ t − 1. The
generating set X can now be expressed as a right x product of the following:
y1, ϕ(y1)y1, . . . , ϕo−1(y1) . . . ϕ(y1)y1,
ϕo−1(y1) . . . ϕ(y1)y21, ϕ
o−1(y1) . . . (ϕ(y1))2y21, . . . , (ϕ
o−1(y1))2 . . . (ϕ(y1))2y21,
(ϕo−1(y1))2 . . . (ϕ(y1))2y31, (ϕ
o−1(y1))2 . . . (ϕ(y1))3y31, . . . , (ϕ
o−1(y1))3 . . . (ϕ(y1))3y31,
. . . . . . . . .
where the number of rows is d/o > 1 (note that o, being a divisor of t − 1, cannot be equal to d) and the last element of the
last row is the product
(ϕo−1(y1))d/o(ϕo−2(y1))d/o . . . (ϕ(y1))d/oy
d/o
1 ,
which must be equal to 1H .
The element ϕo−1(y1)ϕo−2(y1) . . . ϕ(y1)y1 is quite special. Being a product of all the elements in the orbit of y1 (and also
due to commutativity),
ϕ[ϕo−1(y1)ϕo−2(y1) . . . ϕ(y1)y1] = ϕo−1(y1)ϕo−2(y1) . . . ϕ(y1)y1,
i.e., the product is fixed by ϕ, so are all its powers, and its order is d/o > 1. Consequently, d/o, being the order of an element
in K , must divide the order of K . In addition, since all the elements in the product are of equal order, and A is assumed
abelian, the order of the element ϕo−1(y1)ϕo−2(y1) . . . ϕ(y1)y1 must be a divisor of the order of the yi’s and so we note for
future reference that the order of the yi’s is a multiple of d/o.
We denote this special product by z, and point out that the orbit of y1 under ϕ cannot be closed under inverses: if it were,
z = ϕo−1(y1)ϕo−2(y1) . . . ϕ(y1)y1 would be equal to 1H , which is not an element of order d/o > 1.
As all the elements on the list are distinct, we also conclude that each of the elements y1, y21, y
3
1, . . . , y
d/o
1 belongs to its
own separate orbit under ϕ|K : if the orbits of yi1 and yj1 were equal, z i would equal z j. It follows that the rows of the above
list are generated by the orbits:
y1, ϕ(y1), ϕ2(y1), . . . , ϕo−1(y1)
y21, ϕ(y
2
1), ϕ
2(y21), . . . , ϕ
o−1(y21)
. . .
yd/o1 , ϕ(y
d/o
1 ), ϕ
2(yd/o1 ), . . . , ϕ
o−1(yd/o1 ).
For future reference, we summarize some of the above observations in a lemma that imposes rather strong arithmetic
conditions on the relations between the numbers t, d, and |K | = |A|2 .
Lemma 3.5. Let CM(A, X, P) be a d-valent t-balanced regular Cayley map of an abelian group A, 1 < t < d− 1, and K be the
kernel of the corresponding skew-morphism ϕ. Then d = o · ℓ, where o > 1 is a divisor of t − 1 and a divisor of the order of
some group automorphism of K , and ℓ > 1 divides |K |. Furthermore, the number dgcd(t+1,d) > 1 and it is the order of some group
automorphism of A.
Proof. The last part of the lemma is a consequence of the fact that ϕt+1 is a group automorphism of A of order dgcd(t+1,d) . As
t < d− 1, gcd(t + 1, d) < d, and dgcd(t+1,d) > 1 follows. 
In [2], it has been shown that the rank of an abelian group that admits a d-valent t-balanced regular map with t > 1
is bounded from above by min(t − 1, d − t + 1). The above line of argument provides us with the following occasional
refinement of this result:
Lemma 3.6. If the finite abelian group A has a d-valent t-balanced regular Cayley map CM(A, X, P)with t > 1, then the rank of
A is at most gcd(t − 1, d)+ 1.
Proof. Note that the first d that allows for a t-balanced distribution of inverses that is not balanced is d = 4. Thus, if we
assume that themap is antibalanced, t = d−1,wemay assume that d is at least 4. In this case, gcd(t−1, d) = gcd(d−2, d) ≤
2 which does not improve on the bound from [2].
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To complete the proof, we just have to consider the admissible pairs (d, t)with 1 < t < d−1. In this case, we have shown
that the kernel kerπ is generated by the orbit of y1 of length o, a divisor of gcd(t − 1, d). Hence, kerπ = ⟨y1, y2, . . . , yo⟩
and A = ⟨x, y1, y2, . . . , yo⟩. 
To see an examplewhere the above lemma improves the boundmin(t−1, d−t+1), consider the admissible pair (24, 11).
While the min bound gives min(10, 14) = 10, the new bound gives gcd(10, 24)+ 1 = 3; a substantial improvement.
4. t-balanced automorphisms and Z2 extensions
We have seen that the kernel of an abelian t-balanced regular Cayley map is an abelian group generated by an orbit of an
automorphism. Thus, the kernel is a factor of Zrk, where k is the order of the elements in the orbit and r is the kernel’s rank.
In this section, we investigate the ways in which the abelian group Awith a t-balanced skew-morphism ϕ can be obtained
from its kernel. Our treatise follows essentially along the lines of [14], however, we restrict ourselves to abelian groups.
Suppose that CM(A, X, P) is a regular abelian d-valent t-balanced Cayley map with a skew-morphism ϕ and K = kerπ .
Since t2 ≡ 1 (mod d) and A/K ∼= Z2, it is easy to see that A is a group with a sign structure or that A is a Z2 extension of
K . Under these assumptions, Theorem 3 of [14] asserts that there exists an involutory automorphism θ of K and an element
x fixed by θ such that A is isomorphic to K(θ; x), the group of elements of the form (g, i), g ∈ K and i ∈ Z2 under the
multiplication
(g, i) · (h, j) = (g · θ i(h) · xij, i+ j).
If we assume, in addition, that A is commutative, it must be true that
(g, i) · (h, j) = (h, j) · (g, i),
for all g, h ∈ K , i, j ∈ Z2. In particular,
(1K , 1) · (h, 0) = (h, 0) · (1k, 1),
for all h ∈ K , hence
(θ(h), 1) = (h, 1),
and θ is the identity automorphism of K ; A ∼= K(id; x).
Lemma 4.1. Every abelian Z2 extension of an abelian group K is of the form K × Z2 and there exists an element x of K so that
(g, i) · (h, j) = (g · h · xij, i+ j), (3)
for all g, h ∈ K and i, j ∈ Z2.
Recall that Lemma 3.4 asserts that the (t+1)th power of a t-balanced skew-morphismψ must be a group automorphism
(that preserves K , since ψ does). This implies the need to understand the automorphisms of K(idK ; x) that preserve K . Let
ψ be such an automorphism. Then ψ |K is an automorphism of K and the action of ψ on A − K is determined by a single
choice—a choice for an image of (1K , 1). Namely, if ψ(1K , 1) = (z, 1), for some z ∈ K , then
ψ((h, 1)) = ψ((h, 0) · (1K , 1)) = ψ((h, 0)) · ψ((1K , 1)) = (ψ(h), 0) · (z, 1) = (ψ(h)z, 1),
for all h ∈ K .
However, not every choice of z will make ψ into an automorphism of K(id; x). While it is easy to see that ψ((a, 0) ·
(b, 0)) = ψ((a, 0)) · ψ((b, 0)), ψ((a, 1) · (b, 0)) = ψ((a, 1)) · ψ((b, 0)), and ψ((a, 0) · (b, 1)) = ψ((a, 0)) · ψ((b, 1)), for
all a, b ∈ K , the last verification restricts the choice of z dramatically. While
ψ((a, 1) · (b, 1)) = ψ((abx, 0)) = (ψ(abx), 0) = (ψ(ab)ψ(x), 0),
the other computation yields
ψ((a, 1)) · ψ((b, 1)) = (ψ(a)z, 1) · (ψ(b)z, 1) = (ψ(a)zψ(b)zx, 0) = (ψ(ab)z2x, 0).
Thus, in order to make ψ into an automorphism, we have to choose the element z in such a way so that z2x = ψ(x), or
equivalently, z2 = x−1ψ(x).
The above facts allow for the following constructive classification of t-balanced regular Cayley maps of abelian groups.
Theorem 4.2. Let 1 < t < d − 1 and t2 ≡ 1 (mod d). If a finite abelian group A admits a d-valent t-balanced regular Cayley
map CM(A, X, P), then A contains a subgroup K of index 2, elements x, y, z, h ∈ K , and an automorphism ϕ of K , that satisfy all
of the following:
(i) A ∼= K(idK ; x),
(ii) the orbit of y under ϕ generates K , the length o of the orbit of y under ϕ divides gcd(t − 1, d), and d = o · ℓwhere ℓ > 1 is
the order of the product of the orbit of y under ϕ,
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(iii) all the following elements are distinct,
y, ϕ(y)y, . . . , ϕo−1(y) . . . ϕ(y)y,
ϕo−1(y) . . . ϕ(y)y2, ϕo−1(y) . . . (ϕ(y))2y2, . . . , (ϕo−1(y))2 . . . (ϕ(y))2y2,
(ϕo−1(y))2 . . . (ϕ(y))2y3, (ϕo−1(y))2 . . . (ϕ(y))3y3, . . . , (ϕo−1(y))3 . . . (ϕ(y))3y3,
. . . . . . . . .
(ϕo−1(y))ℓ−1 . . . (ϕ(y))ℓ−1yℓ, (ϕo−1(y))ℓ−1 . . . (ϕ(y))ℓyℓ, . . . , (ϕo−1(y))ℓ . . . (ϕ(y))ℓyℓ,
(iv) the above list multiplied on the right by (h, 1) is closed under inverses and generates A,
(v) z2 = x−1ϕt+1(x), and
(vi) z = (ϕt+1(h))−1ϕt(y) . . . ϕ(y)yh.
Proof. We have proved the necessity of all the conditions but the last. The last identity follows from double computing
ϕt+1(h, 1). On one hand,
ϕt+1((h, 1)) = (ϕt+1(h)z, 1),
as z is the element making ϕt+1 into an automorphism of K(id; x). On the other hand,
ϕt+1((h, 1)) = ϕt(ϕ((h, 1))) = ϕt((y, 0)(h, 1)) = ϕt−1(ϕ((y, 0)(h, 1)))
= ϕt−1(ϕ((y, 0))(y, 0)(h, 1)) = · · · = ϕt((y, 0))ϕt−1((y, 0)) . . . ϕ((y, 0))(y, 0)(h, 1),
doing the computations through the orbit of (h, 1). The identity follows. 
The characterization provided by Theorem 4.2 is quite complicated when it comes to practical applications. In the
following section, we shall take advantage of this characterization when considering the simplest abelian groups—the cyclic
groups.
5. t-balanced regular Cayley maps of cyclic groups
The case of t-balanced skew-morphisms of cyclic groups is perhaps the easiest to consider. Recall that the classification
of balanced regular Cayley maps of cyclic groups has been already completed in [16], and all antibalanced regular Cayley
maps of cyclic groups have been shown in [2] to be of the form
A = Z2n = ⟨x, h : x−2 = h, hn = 1A⟩ab,
ϕ(x) = hx and ϕ(h) = hr where r2 ≡ 1 mod n. Therefore, we shall assume 1 < t < d − 1 for this section, and use the
additive notation.
Let A = (Zn,+), and suppose that A admits a t-balanced regular Cayley map CM(A, X, P) of valency d. Then n must be
even, say n = 2s, K = {2, 4, . . . , 2s} is of order s. Let ϕ denote the corresponding skew-morphism of Zn. As ϕ|K is a group
automorphism of the cyclic group K , there exists a number e such that ϕ(a) = e · a, for all a ∈ K . Any orbit of ϕ|K that
generates K must consist of generators of K of order s, i.e., of numbers relatively prime to s. It is easy to see in this case that
any orbit of ϕ|K that generates K is of the same length o, eo ≡ 1 (mod s), and o is the order of ϕ|K .
Several additional relations for the numbers t and d can be deduced from Lemma 3.2. Namely, since we assume the
map to be neither balanced nor antibalanced, Lemma 3.2(h) asserts that the order of ϕ|K is greater than 1. Furthermore, by
Lemma 3.2(e), the order of ϕ|K must divide t−1, and by Lemma 3.2(c), it also divides d. Thus, it divides gcd(t−1, d), which
therefore also must be greater than 1.
The above observations allow us to employ the following lemma that follows from Theorem 5.1 of Líšková, Mačaj and
Škoviera.
Lemma 5.1 ([8]). LetM = CM(G, X, P) be a t-balanced Cayleymap of valency d. Then X either contains gcd(t−1, d) involutions
or d is even, X is involution-free, and t ≡ ±1 (mod 2k), where 2k is the largest power of 2 that divides d.
Since the number of involutions in a cyclic group is at most 1, and we have shown that gcd(t − 1, d) > 1, we get the
following corollary.
Corollary 5.2. Let (t, d) be an admissible pair, and 1 < t < d − 1. The generating orbit X of any d-valent t-balanced regular
Cayley map CM(Z2s, X, P)must be of even length, involution-free, and t ≡ ±1 (mod 2k), where 2k is the largest power of 2 that
divides d.
The automorphisms of K are in a one-to-one correspondence with numbers that are relatively prime to s.
Lemma 5.3 ([17]).
(i) If r ≥ 3, Aut(Z2r ) ∼= Z2r−2 × Z2.
(ii) If p > 2 is a prime, r ≥ 1, Aut(Zpr ) ∼= Zφ(pr ) ∼= Zpr−1(p−1).
(iii) If s = pr11 pr22 . . . prtt is the prime factorization of s, Aut(Zs) ∼= Aut(Zpr11 )× Aut(Zpr22 )× · · · × Aut(Zprtt ).
This yields the following.
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Theorem 5.4. Let p be an odd prime, r ≥ 1. All regular t-balanced Cayley maps CM(Z2r , X, P), CM(Z2pr , X, P), and
CM(Z4pr , X, P), are balanced or antibalanced.
Proof. First, let d be the valency of a regular t-balanced Cayley map CM(Z2r , X, P). Lemma 3.5 implies that d = o · ℓ, where
o divides the order of some group automorphism of K = Z2r−1 and ℓ divides the order of K . Hence o and ℓ are both powers
of 2, and so is d. Corollary 5.2 implies that t ≡ ±1 (mod d).
Next, let s = pr , where p is an odd prime, r ≥ 1, and assume that 1 < t < d − 1. Then Aut(K) is cyclic of order
φ(pr) = pr−1(p− 1). If we denote its generator by ψ , all the elements of K of order s constitute its single orbit of the form:
x1, x2, . . . , xφ(pr )/2, x−11 , x
−1
2 , . . . , x
−1
φ(pr )/2,
and ψφ(p
r )/2(x) = x−1 for every element x of order s. Since ϕ restricted to K is a power of ψ , in order for the orbit of ϕ on K
to not to be closed under inverses, no power of ϕ|K can be equal to ψφ(pr )/2 (which is of order 2). It follows that the order
o of ϕ|K cannot be divisible by 2; must be odd. Since ℓ in this case is a divisor of pr and is therefore also odd, we conclude
that d = o · ℓmust be odd—a contradiction with Corollary 5.2.
Finally, let s = 2pr . Then Aut(K) is again cyclic, of order pr−1(p − 1), and the order omust be odd for the same reasons
as above. As ℓ is a divisor of 2pr , and d = o · ℓ must be even, ℓ = 2 · pk, 0 ≤ k ≤ r . It follows that 2 is the largest power
dividing d, and hence t ≡ ±1 (mod 2) by Corollary 5.2.
We claim that ℓmust be divisible by p (i.e., k > 0). If that was not the case, we would have d = 2 · o, t ≡ ±1 (mod 2),
and t − 1 divisible by o, where o is an odd number. This would further imply that t − 1 would be an even multiple of o, and
thus at least as big as d, which is a contradiction.
Since p > 2, p cannot divide both t − 1 and t + 1. On the other hand, since t2 − 1 ≡ 0 (mod d), d divides
t2 − 1 = (t − 1)(t + 1), and hence pk divides t − 1 or t + 1 (but not both). If pk divided t − 1, we would have pk · o = d/2
dividing t−1 which is even, and wewould get the same kind of a contradiction as above (t > d). This means that pk divides
t + 1 and not t − 1, and, in particular, p does not divide o that is a divisor of t − 1. As o is a divisor of pr−1(p− 1), it must be
a divisor of p− 1.
Let e ∈ K be such thatϕ|K is themultiplication by e. Then ℓ is the order of 1+e+e2+· · ·+eo−1 and eo−1 ≡ 0 (mod 2pr).
Thus, (1+ e+ e2 + · · · + eo−1)(e− 1) ≡ eo − 1 ≡ 0 (mod 2pr), and consequently ℓ divides e− 1.
It follows that p divides e− 1. Let e = mpi + 1 for some integerm not divisible by p. Then i < r because e ≠ 1. Note that
eo − 1 ≡ (mpi + 1)o − 1 ≡ ompi (mod pi+1). Since o divides p− 1 and i+ 1 ≤ r , eo − 1 ≡ ompi ≢ 0 (mod pr), which is a
contradiction. 
We conclude this section with examples that indicate that one cannot expect to be able to extend Theorem 5.4 to many
more classes of cyclic groups based on the prime factorization of their orders.
Our first example shows that there exist groups of order 2pq, p ≠ q odd primes, that do admit t-balanced regular Cayley
maps with t ≠ ±1, i.e., one cannot expand the second result of Theorem 5.4 to prime factorizations containing more than
one odd prime.
Example 5.5. Let A = Z30, K = Z15 and Aut(K) = Z2 × Z4. Multiplication by 1, 2, 4, 7, 8, 11, 13, 14, respectively, gives
all the automorphisms of K . A direct calculation shows that the permutation ϕ of A given by ϕ(a) = 7a, for a ∈ K , and
ϕ(b) = 7b + 20, for b ∈ A − K is a skew-morphism of A with t = 5 and d = 12. The corresponding Cayley subset is
X = {9, 23, 1, 27, 29, 13, 21, 17, 19, 3, 11, 7} (in the order of rotation).
The next two examples show that there exist groups of order 8p and 16p, p an odd prime, that do admit t-balanced regular
Cayley maps with t ≠ ±1, i.e., one cannot expand the third result of Theorem 5.4 to prime factorizations of the form 2rp,
for r > 2.
Example 5.6. Let A = Z56, K = Z28 and Aut(K) = Z2 × Z6. To multiply K by 5 gives an automorphism of K which has
order 6. Define a permutation ϕ of Awhich maps each element a of K to 5a and each element b not in K to 5b+ 14, then ϕ
is a skew-morphism of Awith t = 7, d = 12 and the corresponding Cayley subset is
X = {27, 37, 31, 1, 19, 53, 55, 9, 3, 29, 47, 25}
(in the order of rotation).
Example 5.7. Let A = Z112, K = Z56 and Aut(K) = Z2 × Z2 × Z6. To multiply K by 5 gives an automorphism of K which
has order 6. Define a permutation ϕ of Awhich maps each element a of K to 5a and each element b not in K to 5b+ 14, then
ϕ is a skew-morphism of Awith t = 7, d = 24 and the corresponding Cayley subset is
X = {27, 37, 87, 1, 19, 109, 111, 9, 59, 85, 103, 81, 83, 93, 31, 57, 75, 53, 55, 65, 3, 29, 47, 25}
(in the order of rotation).
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